A number of recent studies discuss the phenomenon of super resolution, that is, the fact that a target can be localized with higher resolution than half a wavelength as suggested by the classical diffraction limit. Here we discuss a special type of super resolution corresponding to a high contrast in wave speed at the location of respectively the point of observation and the one of the target. We quantify the resolution achieved in this case and discuss image stability. It turns out that the image is stable with respect to measurement noise but very sensitive to medium uncertainty. The signal-to-noise ratio can in fact be significantly enhanced by exploiting resonance frequencies and we discuss this in detail, considering source as well as reflector broadband imaging.
Introduction
Time reversal of waves has been extensively studied in the last twenty years [6, [9] [10] [11] [12] . A time-reversal mirror consists in a set of transducers that can be used as receivers or as transmitters. A classical time-reversal experiment consists of two steps. In the first step, a source generates a wave that propagates through a medium and is recorded by the time- reversal mirror used as a set of receivers. In the second step, the time-reversal mirror is used as an array of transmitters, it re-emits the time-reversed recorded signals. It turns out that the wave focuses back at the initial source position, as if the wave were being played backwards. The refocusing properties have been studied experimentally, numerically and theoretically. They are characterized by diffraction-limited focal spots, that is to say, the size of the timereversed focal spot is half the source carrier wavelength when the original source is point-like and the time-reversal mirror surrounds the region of interest. Enhanced refocusing is a remarkable property observed in many time-reversal experiments and it can follow from several mechanisms. First, the diffraction limit can be overcome if the source is replaced by its time-reversed image during the second step of the time-reversal experiment. This requires to use an active sink that absorbs the time-reversed wave precisely at the original source location and at the exact refocusing time [7] . Second it is possible to obtain subwavelength focusing when the initial source is in the near field of the time-reversal mirror and the propagating medium is homogeneous and isotropic [8] . Third, focusing beyond the diffraction limit with far-field time reversal is possible, provided the medium in the near field of the original source has a high effective index and can radiate in the far field spatial information of the near field of the source. For instance a random distribution of scatterers or small resonators placed in the vicinity of the source can achieve this goal and locally reduce the effective wavelength [1, 13, [16] [17] [18] .
Here we would like to analyze this last mechanism in the context of imaging, that is, in the context where the object (source or reflector) to be imaged is imbedded in a high-index (low-velocity) region. In such a case, the physical size of the object is small compared to the homogeneous wavelength of the wave used to probe the medium, but large (or at least not negligible) compared to the local wavelength evaluated in the low-velocity region. However the work on time reversal cited above does not apply directly to imaging. Indeed, imaging is different from time reversal. Similarly to time reversal, imaging consists of two steps, data acquisition and data processing. But contrarily to time reversal, the data processing is numerical and is based on the resolution of the wave equation in a fictitious medium (given a priori or estimated itself). The data processing may consist of the minimization of the misfit between the measured data and synthetic data obtained with the numerical solver (leastsquares imaging), or it may consist of backpropagation, adjoint or matched field processing, that can be seen as simplified versions of least-square imaging [2, 3, 6, 20] . Experimental subwavelength imaging has been achieved using high-contrast materials or arrays of resonators [4, 15, 19] . In this case, the robustness of the procedure with respect to measurement noise and with respect to medium uncertainty is in fact the key issue.
In this paper we consider a simple one-dimensional framework. Our first objective is to estimate the location of a source that is in a section of anomalous low velocity. The picture that we want to analyze in some detail is that this allows us to estimate the location of the source with high accuracy. When the wave exits a section of low velocity its spatial support will be expanded, conversely if it enters the section of low velocity it will be compressed. This is what gives an apparent super resolution phenomenon. If one considers two nearby sources in a section of low velocity then at an observation point outside the section one would observe two pulses of relatively long wavelength, moreover, one would be able to resolve the locations of the sources with an accuracy greater than that corresponding to the wavelength at the point of observation. We want to analyze this phenomenon in some detail and quantify the resolution enhancement, moreover, examine its robustness with respect to measurement noise and medium uncertainty. Via our rigorous analysis we find that exploiting resonance frequencies is important in order to achieve enhancement of the signal-to-noise ratio.
Our second objective is to identify a reflector or inclusion in the section of low velocity with a source located outside of this section. We show that again the contrast in speed gives a resolution enhancement. We also set forth a detailed stability analysis incorporating both effects of medium uncertainty as well as measurement noise and again point to the importance of resonance frequencies.
In the analysis we shall use a mathematical framework similar to the one developed in [12] . However, here the focus is on a high contrast background medium rather than on highly oscillatory medium fluctuations.
The outline of the paper is as follows. We describe the medium and the acoustic propagation model in section 2 which articulates how the source is imbedded in a section of low velocity. Based on the recorded wave at a point outside the anomalous section we construct the image of the source point in section 3 with a focus on a discussion of resolution. In section 4 we show that the presence of measurement noise does not hamper resolution as long as a resolvability condition is satisfied, but that the imaging functions are very sensitive to medium uncertainty. In section 5 we generalize our discussion regarding source imaging to the case with reflector imaging. Finally, in section 6 we forward some concluding remarks.
Superresolution source imaging via medium contrast

Scalar wave model
We consider acoustic waves with conservation of momentum and mass for velocity u x t ( , ) and pressure p x t ( , ):
for ρ 0 being the assumed constant density, c the local velocity, and c 0 ζ ρ = the impedance. Throughout the paper the subscripts stand for partial derivatives. An impulse source is imposed at the spatial location y. We assume dimensionless coordinates and a constant density so that we have
We assume that n 1 > and standard radiation conditions. We assume that the source is located in the section of low velocity:
. We shall also assume that we measure the wave at the location y L ( /2, ) o ∈ ∞ and based on the recorded wave we aim to estimate the location of the source, that is y.
Wave decomposition
Below we follow the strategy developed in [12, chapter 3] . We expand first the wave field into right propagating modes (A) and left propagating modes (B) by the decomposition
ζ ζ
Let the Fourier transforms be defined by 
We introduce the complex amplitudes a and b of the propagating waves
with the travel time defined by 
The travel time is defined with respect to the origin but any other point could have been used. From (6) and (7) the amplitudes a b , are piecewise constant over the intervals where there is no source and no jump in the medium parameter: Interface conditions. At the interface x L/2 = , the local speed of sound c and the local impedence ζ jump, so the continuity of p and û:
gives jump conditions for the amplitudes of the left and right propagating modes in view of (5): , , , and therefore
i ny c 2 1
The relations (9), (10), (11) , and (12) (10), (11) , and (12), the observed amplitude can be expressed as: 
with the first term (j = 0) in the first sum corresponding to the contribution of the right-going wave generated by the source in (11) that is directly transmitted through the interface. The other terms in this sum correspond to the contributions of the wave components that have been reflected back and forth in the section several times before being emitted out of the section, thus associated with a phase delay corresponding to the travel time back and forth through the section. The terms of the second sum correspond to the contributions of the leftgoing wave emitted by the source in (12).
Imaging functions
Matched field processing
The adjoint imaging function (or coherent matched field imaging function, inspired by the known properties of time reversal refocusing) is defined by [6, 20] : 
where sinc is the function
and are far away from L/2 − (that is farther than l defined just below in (19)), then the second term in (18) can be neglected. This shows that the imaging function is a rapidly modulated function with a sinc envelope, and the width of the envelop (i.e. the resolution) is
λ is the wavelength associated with the bandwidth c 2 .
We stress that B λ is the wavelength associated to the bandwidth Ω at the observation point, while l is the wavelength when evaluated at the location of the source, the slow medium section.
Proof. Substituting (17) into (16) we find that a  is the sum of four terms. They can be addressed in the same way so we only compute the first of them: 
where · stands for an averaging over the periodic component. Since the value of the average is 1/(1 )
The calculations of the three other terms give the desired result. □
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A conventional incoherent matched field imaging function is [6, 20] ( ) ( )
where the synthetic data a y ( , ) ωˆis defined by (17) (it is also known as incoherent broadband Bartlett processor [5] ). 
Here the last three terms vanish if y and yˆare far enough from L/2 − or L/2 (that is farther than l in (19) ). This incoherent imaging function has approximately the same resolution properties as the coherent imaging imaging function a  , it has in fact better resolution by a factor two. However it possesses a large background contrarily to a  . This is quite problematic in particular when there are several sources, as the overlap and interaction of the backgrounds and peaks become complicated, while a  presents the sum of the peaks by linearity of this imaging function. This justifies the fact that we will focus our attention to a  and its variants in the following. In figure 2 we plot the modulation function . Note the singular behavior in n. It means that, for large n, the adjoint imaging function only uses the observations at the set of discrete frequencies where this factor is unity. This motivates the introduction of a simplified version of the adjoint imaging function 
with L τ being the two-way travel time of the low-velocity section. 
The adjoint imaging function and simplified adjoint imaging function have the same resolution, but the simplified version has an enhanced amplitude when n is large (since
). This comes from the fact that the simplified version focuses on the important contributions of the measured data at the resonant frequencies. 
where the signs of the terms derive from the factors ( 1) m − . If Δω Ω ≪ and y is not within the distance l (defined by (19) ) of the boundaries L/2 ± , then we can use the continuum approximation for the sums, we find that the second and third sums cancel each other and that the first sum can be replaced by the expression (25). The red solid line is the exact imaging function (23) (also normalized to one) in the case with n = 5 and y = 0 and is seen to almost coincide with the asymptotic form (25).
Stability and resolvability
We discuss in this section the robustness of the imaging function (23) with respect to additive measurement noise and medium uncertainty.
Robusteness with respect to measurement noise
Assume that the measurements are corrupted by an additive noise so that we observe:
a ( ) noise
where W ( ) ω models the measurement noise. The observations at the set of discrete frequencies ω m are:
where σ is the standard deviation of the measurement noise and w m is assumed to be an independent and identically distributed sequence of zero mean and unit variance complex circular random variables. The expectation of the imaging function (23) is
and it is given by (25). The variance is given in the following proposition. In the case that Δω Ω ≪ , the second and third sums cancel each other and we get the desired result.
□
As a result we find the signal-to-noise ratio (with
Note that the SNR increases with the number of periods in the modulation function (see figure 2 ) and also with n. This gives the following result. In order to form the imaging function (23) we assumed a perfect knowledge of the medium, that is to say of the index of refraction n. In this subsection we assume that the underlying medium parameter n 1/ is estimated with an error δ: n n 1/
(1 )/ δ = + . Then, denoting by m ω the estimated resonant frequencies:
,
and by and the estimated reflection and transmission coefficients (with n instead of n in the formulas (14)), the imaging function (23) is defined by:
Moreover, by (13) , the phase removed in the measured amplitude a ( )e . □
In figure 4 we show the imaging function for several values of the blurring parameter δ.
we indeed see that we get blurring in the form of smearing of the image and amplitude damping.
In conclusion the sensitivity to medium uncertainty increases with n. The results of this section show that the imaging function is stable with respect to measurement noise but unstable with respect to medium uncertainty.
Imaging of reflector
In this section we aim to image a reflector located at y L L ( /2, /2) ∈ − and with a source at y L ( /2, ) s ∈ ∞. The medium is now modeled by 
Wave decomposition
The wave amplitudes are defined by (7) with
The right propagating mode amplitude is stepwise constant: 
1 0 as it is reflected back and forth coherently between the two interfaces and it does not come back to the right-half space x L/2 > .
Imaging functions
Assume from now on that there is an inclusion. The adjoint imaging function is From the form (47) of a mes , we can see that the modulation functions d 1 and d 2 become highly concentrated at the set of discrete frequencies ω m defined by (24) for large n. This means that, for large n, the adjoint imaging function only uses the observations at the frequencies ω m . As in the case of source imaging addressed in the previous section, this motivates the introduction of a simplified version of the adjoint imaging function: First imaging function. From the expression (50) in the absence of inclusion, it is appropriate to observe the field at the resonant frequencies ω m so that the recorded reflected wave associated to the inclusion is not buried in the reflected wave components asssociated to the boundaries of the section. In the presence of a small reflector with n D 1 When Ω is much larger than Δω, we can use the continuum approximation for the sums in (53) and we find that, unless the inclusion is close to L/2 − or L/2 within a distance of the order of l, the imaging function is given by ( ) 
. This imaging function can localize the inclusion with the resolution l given by (19) , but there is a ghost image: there are two peaks at y ŷ = ± and it is not easy to decide which of these two peaks corresponds to the position of the inclusion. Indeed the peak associated to the inclusion has an amplitude that is larger than the ghost peak, by a factor (1 )/(2 ) 4 2 +   , but this factor is close to one when n 1 ≫ . When n is large, the amplitude factor 2 /[ (1 )(1 )]
2 . This enhancement factor of the order of n 2 comes from the fact that the waves have been reflected back and forth about n times within the section, and during each pass the interaction with the inclusion generates small scattered waves that build up coherently to generate the reflected signal. As a consequence this imaging function will be robust against measurement noise but sensitive to medium uncertainty (knowledge of c n / 0 ), as we will see in the next section.
Second imaging function. 
The resolution of this imaging function is l given by (19) and there is no ghost in it contrarily to the imaging function (53). Note, however, that the amplitude is n 2 times smaller than the one of the previous imaging function (53), since the amplitude factor
is about 2 when n is large. This is because we only exploit the first arrival in this imaging function, while the previous one exploited the full sequence of reflected waves. As a consequence this imaging function will be less robust with respect to measurement noise than the imaging function (53), but also less sensitive to medium uncertainty.
Third imaging function. In the previous section we obtained an image without a ghost as in the imaging function (53), however, at the expense of loosing a multiplicative factor of n 2 in the amplitude, which makes the imaging function sensitive to measurement noise. Moreover, this imaging function requires a time-windowing of the measured data. It is possible to get rid off the ghost in the imaging function (53) in a simpler way, at the expense of losing a multiplicative factor of the order of n only. The idea is to add appropriate weights to the two terms in the imaging function (53) to cancel the ghost. Consider the imaging function ( ) 
   is about n. This shows that it has less robustness with respect to measurement noise than the imaging function (53), as we will see in the next section.
Numerical illustrations. 
, moreover the reflector is located at y 0.15 = − . This gives a resolution of l = 0.025. In figure 6 we show the imaging function y ( ) r1 defined by (53) with the red solid line and its theoretical value (54) by the dashed blue line.
In figure 7 we show the imaging function y ( ) r2 defined by (55) with the red solid line and its theoretical value (56) by the dashed blue line.
In figure 8 we show the imaging function y ( ) r3 defined by (57) with the red solid line and its theoretical value (58) by the dashed blue line. Note that the ghost is now suppressed, 
Robustness with respect to measurement noise
In the presence of additive noise the measured data have the form 
where w m is an independent and identically distributed sequence of zero mean and unit variance complex circular random variables. The expected value of the imaging function (55) is less robust than (53) and (57) with respect to measurement noise.
Sensitivity with respect to medium uncertainty
As in the source case we assume uncertainty in the medium parameter and examine when this uncertainty leads to a degradation in the image. If the medium parameter n is estimated with an error δ: n n 1/
(1 )/ δ = + , then the criterium for the stability of the imaging function (55) is
.
(60) L δ Ωτ < From (55) it is seen that the medium uncertainty gives rise to a shift in the peak (by L/2 δ ) which will be small compared to the image resolution under the above condition. For the imaging functions (53) and (57) the medium uncertainty translates into a blurring of the peak. Via an analysis as in the case with an internal source we find that this blurring will be relatively small if
c L δ ω τ < Thus, in conclusion the imaging functions r1  and r3  are robust with respect to measurement noise, but sensitive with respect to medium uncertainty, while r2  is robust with respect to medium uncertainty, but sensitive with respect to measurement noise.
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Conclusions
We have discussed a situation which we believe in a very simple context explains a phenomenon of super resolution as observed in a number of recent studies, including experimental observations [4] . Here the simple mechanism that generates the relatively high resolution is the contrast in wave speed. High resolution or super resolution here refers to resolution better than half the wavelength as recorded by the observer. The main point is indeed that what determines the resolution is the wavelength at the domain of the source or the scatterer to be imaged and not the wavelength as observed in the domain of the recorder. Thus if these have a high contrast we will observe super resolution. Here, we have also analyzed the sensitivity and robustness to measurement noise and medium uncertainty. We find that by exploiting resonance frequencies we can significantly reduce the sensitivity to measurement noise at the expense of relatively high sensitivity to medium uncertainty. We remark that a similar phenomenon could be observed if the observation point was located in a section of anomalous high velocity, the source could then be localized with far greater accuracy than what is suggested by the wavelength at the point of observation. Indeed, what is important is the velocity contrast in between the source or reflector domain and the domain of observation.
The results presented in this paper have been obtained for the scalar wave equation with a one-dimensional, piecewise constant medium, so as to obtain explicit results that clarify the mechanisms responsible for super-resolution. It is possible to extend the results to continuous media by using the method developed in [12, chapter 4] , and to vector waves (such as elastic waves), since the formalism in terms of right-and left-going wave modes is still available in these cases. Generalizations to three-dimensional media by the same technique are not straightforward but they would be possible in some special geometries such as nested radially symmetric or nested hypercube domains. 
